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Abstract

Two results by Schützenberger (1965) and by Mc-
Naughtonand Papert (1971) lead to a precisedescription
of theexpressivepowerof �r st order logic on words inter-
pretedasorderedcoloredstructures.In thispaper, westudy
theexpressivepowerof existentialformulasandof Boolean
combinationsof existentialformulasin a logic enrichedby
modular numericalpredicates. We �r st give a combina-
torial descriptionof the correspondingregular languages,
andthengiveanalgebraiccharacterizationin termsof their
syntacticmorphisms.It followsthat onecaneffectivelyde-
cidewhethera givenregular languageis capturedbyoneof
thesetwo fragmentsof �r st order logic. Theproofsrely on
nontrivial techniquesof semigrouptheory: stamps,derived
categoriesandwreathproducts.

1. Intr oduction

Thereis by now an extensive literatureon the expres-
sive power of variousfragmentsof �rst order logic inter-
pretedon �nite words. Therearealsoknown connections
with severalareasin mathematicsandcomputerscience,in-
cluding�nite semigroups,automata,descriptive settheory,
complexity, circuits andcommunicationcomplexity. Fur-
ther, this researchis a necessarysteptowardsthe studyof
richer structureslike in�nite words, treesor graphs. This
paperis acontribution to this theory.

Let usbrie�y describetheframework of our results.We
associateto eachnonemptyword u = a0a1 : : : aj u j� 1 over

thealphabetA a relationalstructure

M u = f (0; 1; : : : ; juj � 1); <; (a)a2 A g

where< is theusualorderon thedomainanda is a predi-
categiving thepositionsi suchthatai = a. For instance,
if u = abbaaba, thena = f 0; 3; 4; 6g andb = f 1; 2; 5g.
Given a formula ' , the languagede�ned by ' is L (' ) =
f u 2 A+ j M u satis�es' g. Sincelanguagesmaycontain
theemptyword,we make theconventionthata languageL
of A � is de�ned by ' if L (' ) = L \ A+ .

McNaughtonandPapert[11] showedthata languageis
�rst-order de�nable (in the signaturef <; (a)a2 A g) if and
only if it is star-free.Thedecidabilityof thisclassof regular
languages,denotedbyFO[< ], followsfromacelebratedre-
sult of Scḧutzenberger[20]: a regular languageis star-free
if andonly if itssyntacticmonoidis aperiodic. Thomas[27]
(seealso[13]) re�ned this correspondencebetween�rst or-
der logic andstar-free languagesby showing that thecon-
catenationhierarchyof star-freelanguagesis, level by level,
in correspondencewith the � n -hierarchyof �rst orderfor-
mulas. However, little is known aboutthe decidabilityof
theseclasses.It is notverydif�cult to decidewhetheror not
a givenregular languagebelongsto � 1 [< ]. Thedecidabil-
ity of theBooleanclosureof thisclass,denotedby B� 1 [< ],
relieson a nontrivial algebraicresultof Simon[23]. The
decidabilityof � 2 [< ] wasalsoprovedby algebraicmeth-
ods[1, 17], but thedecidabilityof theupperlevelsB� 2 [< ],
� 3 [< ] andbeyondis amajoropenproblem.

Several enrichmentsto the vocabulary < were consid-
eredin theliterature.Let k � 0. Recallthata k-arynumer-
ical predicatesymbolassociatesto eachn � 0 a subsetof



f 0; : : : ; n � 1gk . We view (i 1; : : : ; i k ) 2 f 0; : : : ; n � 1gk

asa word � 0 � � � � n � 1 over the alphabet� = 2f 1;::: ;k g by
setting� j = f r j i r = j g: Thuseachnumericalpredicate
symbolgivesrise to a languagein � � : We saythenumer-
ical predicatesymbol is regular if the correspondinglan-
guageis regular. (Notethatif k = 0; f 0; : : : ; n � 1gk is the
one-elementsetf;g :)

Let 0 < d; and r 2 Z=dZ. We de�ne two numeri-
cal predicatesymbols(themodularpredicates): Theunary
symbol MODd

r assignsto n the set f i < n j i mod d =
rg; and the 0-ary symbol Dd

r assignsf;g to n if n mod
d = r; and ; otherwise. The associatedlanguagesare
(; d)� ; r � 1f 1g; � and(; d)� ; r ; respectively, sothesearereg-
ularnumericalpredicates.Equivalently, wecouldintroduce
a constantsymbolm denotingthe lastpositionin a string,
in which caseDd

r is equivalentto MODd
r � 1m. (This is the

notationthatweshalladoptbelow.)
We denoteby FO[< + MOD] the logic obtainedby ad-

joining all modularpredicates.This signaturewasconsid-
eredimplicitly in automatatheoryandexplicitly in a recent
paperby Ésik andIto [6]. It shouldnot be confusedwith
�rst orderlogic with modularquanti�ers.

ThelogicFO[< + REG] is obtainedbyadjoiningall regu-
lar numericalpredicatesymbols.This logic wasconsidered
in [2, 10, 12, 25] in connectionwith circuit complexity.

It is not dif�cult to seethatFO[< + MOD] = FO[< +
REG]. However, thelower levelsof the� n -hierarchydiffer
for the threesignatures.Thedecidabilityof � 1 [< + REG]
andB� 1 [< + REG] wasestablishedin [10]. In this paper,
weestablishthedecidabilityof thefragments� 1 [< + MOD]
andB� 1 [< + MOD], a problemleft openin [6]. Thesitua-
tion is summarizedin thetablebelow:

< < + MOD < + REG

� 1
DECIDABLE

[13, 27]
DECIDABLE

Newresult
DECIDABLE

[8, 10, 21]

B� 1
DECIDABLE

[23, 27]
DECIDABLE

Newresult
DECIDABLE

[10]
...

FO
DECIDABLE

[11, 20]
DECIDABLE

[2, 25]
DECIDABLE

[2, 25]

Our paperis organizedasfollows. Section2 presentsthe
necessarybackgroundto understandour proofs. Our main
decidability resultson fragmentsof �rst order logic are
provedin Section3 for � 1 [< + MOD] andin Section4 for
B� 1 [< + MOD]. In the lastsection,we summarizeour re-
sultsandcomparethemwith otherdecidabilityresults.

2. The algebraicapproach

In this section,we survey thealgebraicapproachto au-
tomatatheorythat is neededto stateour main results.We

brie�y presentEilenberg's variety theory[4], its extension
to theorderedcase[15] andits morerecentgeneralization
to stamps[5, 6, 7, 16, 26], in aform suitableto ourpurpose.

2.1 Semigroups,monoidsand stamps

A semigroup is a setequippedwith a binaryassociative
operation,denotedmultiplicatively, or additively whenthe
semigroupis commutative.A monoidis asemigroupwith a
unit element.An elemente of a semigroupis idempotentif
e2 = e. In a �nite semigroup,everyelementx hasa unique
idempotentpower, denotedby x ! .

An elements of a semigroupS is saidto be regular if
andonly if thereexistsanelement�s of S, calledaninverse
of s suchthats�ss = s and�ss�s = �s.

Given two monoidsM and N , a monoidmorphismis
a map ' : M ! N satisfying' (1) = 1 and ' (uv) =
' (u)' (v) for all u; v in M . A monoidM is asubmonoidof
a monoidN if thereexistsan injective morphismfrom M
into N . A monoidN is a quotientof a monoidM if there
existsasurjectivemorphismfrom M ontoN . A monoidM
dividesamonoidN if M is aquotientof asubmonoidof N .
Theproductof two monoidsM 1 andM 2 is thesetM 1 � M 2

equippedwith theproduct(x1; x2)(y1; y2) = (x1y1; x2y2).

An ordered semigroupis a semigroupequippedwith a
partial order compatiblewith the operationof the semi-
group. An order ideal I of an orderedsemigroup(S; � )
is a subsetof S suchthatif x 2 I andy � x theny 2 I .

Morphismsof orderedsemigroupsareorder-preserving
morphismsof semigroups.Thenotionsof orderedsubsemi-
group, quotientandproductarereadilyadaptedfrom their
unorderedversionandeasilyextendedto themonoidcase.

A relationalmorphismbetweentwo monoidsM andN
is a relation� : M ! N whichsatis�es

(1) for everys 2 M , � (s) 6= ; ,
(2) for everys1; s2 2 M , � (s1)� (s2) � � (s1s2),
(3) 1 2 � (1).

A stampis a morphismfrom a �nitely generatedfree
monoidontoa �nite monoid.A stamp' : A � ! M is said
to betrivial if M is thetrivial monoid.An orderedstampis
astampontoanorderedmonoid.

Let ' : A � ! M bea stampandlet Z = ' (A). Then
Z is an elementof the monoid P(M ) of subsetsof M ,
equippedwith theproductX Y = f xy j x 2 X ; y 2 Yg.
SinceP(M ) is �nite, Z hasan idempotentpower. This
justi�es the following de�nition: the stability index of a
stamp' : A � ! M is the least positive integer such
that ' (As) = ' (A2s). The set ' (As) is a subsemigroup
of M called the stable semigroup of ' and the monoid
' (As) [ f 1g is calledthestablemonoidof ' .



2.2 Stampsand languages

Stampsandorderedstampscanbeseenaslanguagerec-
ognizersin thefollowingway. Let ' : A � ! M beastamp.
A languageL overA � is recognizedby thestamp' if there
exists a subsetF of M suchthat L = ' � 1(F ). If M is
ordered,we requireF to beanorderidealof M . By exten-
sion,we saythat the (ordered)monoidM recognizesL if
thereexistsa stamp' : A � ! M recognizingL .

A languageis saidto berecognizableif it is recognized
by some�nite monoid. Kleene's theoremassertsthat rec-
ognizableandregularlanguagescoincide.

GivenalanguageL overA � , wede�ne thesyntacticcon-
gruence� L andthesyntacticpreorder � L asfollows:

(1) u � L v if f for all x; y 2 A � , xvy 2 L , xuy 2 L ,

(2) u � L v if f for all x; y 2 A � ; xvy 2 L ) xuy 2 L .

ThemonoidA � =� L is thesyntacticmonoidof L andis de-
notedby M (L ). It canbeorderedwith thepartialorderre-
lation inducedby � L , to form theorderedsyntacticmonoid
of L . Thenaturalmorphism� L : A � ! M (L ) is calledthe
syntactic(ordered)stampof L . Thesyntacticmonoidof L
is the smallestmonoid (with respectto the division order
on monoids)thatrecognizesL . In particular, a languageis
regularif andonly if its syntacticmonoidis �nite.

Fromnow on,all semigroupsandmonoidswill beeither
�nite or free.

2.3 The variety approach

Thegeneralideaof thevarietytheoryis to classifyregu-
lar languagesthroughthealgebraicpropertiesof their syn-
tactic invariants. For this purpose,Eilenberg originally
consideredclassesof �nite monoidsde�ned by equations,
called varieties. This gave an appealingframework in
whichto studyclassesof recognizablelanguagesclosedun-
derBooleanoperations,quotients,andinversemorphisms.

However, ourclasses� 1 [< + MOD] andB� 1 [< + MOD]
arenot closedunderinversemorphismsandthe�rst oneis
notevenclosedundercomplement.Still, they areclosedun-
derinversesof length-multiplyingmorphismsandit is pos-
sibleto adaptEilenberg'svarietytheoryto this weaker set-
ting. Thepriceto payis theshift from thesyntacticmonoid
to thesyntacticstamp(for B� 1 [< + MOD]) or to thesyntac-
tic orderedstamp(for � 1 [< + MOD]). Thegeneralframe-
work for this studyis thetheoryof C-varieties,recentlyin-
troducedby Straubing[26].

We �rst recalltheclassicalnotionof varieties.A variety
of �nite monoidsis a classof (�nite) monoidsclosedunder
division and �nite product. Varietiesof �nite semigroups
andof �nite orderedmonoidsarede�ned analogously.

We now turn to varietiesof stamps.Recall that a mor-
phismf : A � ! B � is length-multiplying(lm for short)if

thereexists an integerk suchthat the imageof eachletter
of A is a word of B k . A stamp' : A � ! M lm-divides
a stamp : B � ! N if thereis a pair (f ; � ) (calledan
lm-division), wheref : A � ! B � is an lm-morphism,
� : N ! M is a partial surjective monoidmorphism,and
' = � �  � f . If f is the identity on A � , the pair (f ; � )
is simply calleda division. If ' and areorderedstamps,
thatis, if M andN areorderedmonoids,� is requiredto be
order-preserving.

A � B �

M NIm(  � f ) �

f

'  

�

Figure 1. A divisiondiagram.

The product of two stamps' 1 : A � ! M 1 and ' 2 :
A � ! M 2 is the stamp' with domain A � de�ned by
' (a) = (' 1(a); ' 2(a)) . The rangeof ' is a submonoid
of M 1 � M 2.

An lm-variety of stampsis a classof stampscontain-
ing the trivial stampsandclosedunderlm-division and�-
nite products.Thede�nition of a varietyof orderedstamps
is similar. Note that if V is a variety of �nite (ordered)
monoids,thentheclassof all (ordered)stampswhoserange
is in V forms an lm-variety of (ordered)stamps,alsode-
notedby V.

We now cometo thede�nition of varietiesof languages.
A positiveBooleanalgebra is a set of languagesthat is
closedunder�nite unionand�nite intersection.If it is also
closedundercomplement,it is called a Booleanalgebra.
Givena languageL anda wordu, we set

u� 1L = f v 2 A � j uv 2 Lg

Lu � 1 = f v 2 A � j vu 2 Lg

A classof recognizablelanguagesV assignsto each�nite
alphabetA a setV(A � ) of recognizablelanguagesof A � .
A positivevariety of languagesis a classof recognizable
languagesV suchthatfor any alphabetsA andB ,

(1) V(A � ) is a positiveBooleanalgebra,
(2) if L 2 V(A � ) anda 2 A thena� 1L; La � 1 2 V(A � ),
(3) if ' : A � ! B � is a morphism,L 2 V(B � ) implies

' � 1(L ) 2 V(A � ).
A varietyof languagesis a positivevarietyV suchthat,for
eachalphabetA, V(A � ) is closedundercomplement.

Positivelm-varietiesandlm-varietiesof languagesare
de�ned in thesamewayby weakeningCondition(3) to
(30) if ' : A � ! B � is an lm-morphism,L 2 V(B � )

implies' � 1(L ) 2 V(A � ).



Givena varietyof �nite monoidsV, theclassV of all lan-
guagesrecognizedby a monoid in V is a variety of lan-
guages.Eilenberg's theorem[4] assertsthat thecorrespon-
denceV ! V is one-to-oneandonto.

Similarly, if V is a varietyof �nite orderedmonoids,the
classV of all languagesrecognizedby an orderedmonoid
in V is a positive varietyof languages.It is provedin [15]
thatthecorrespondenceV ! V is one-to-oneandonto.

Finally, given an lm-varietyof (ordered)stampsV, the
classV of all languagesrecognizedby a stampin V is a
(positive) lm-varietyof languages.It is provedin [26] that
thecorrespondenceV ! V is one-to-oneandonto.

2.4 Examples

Example2.1 Thetrivial varietyof monoidsI consistsonly
of onemonoid,the trivial monoid. The correspondingva-
riety of languagesI is de�ned, for every alphabetA, by
I (A � ) = f; ; A � g.

Example2.2 A semigroupS is locally trivial if eSe = f eg
for eachidempotenteof S. Theclassof locally trivial semi-
groupsform a varietyof semigroups,denotedby LI .

Example2.3 Let usdenoteby J+ theclassof all �nite or-
deredmonoids(M ; � ) suchthat, for all x 2 M , x � 1.
Onecanshow that J+ is a varietyof orderedmonoidsand
thatalanguagebelongsto J + (A � ) if andonly if it is a�nite
union of languagesof the form A � a1A � � � � ak A � , where
k � 0 anda1; : : : ; ak arelettersof A. Further, it is shown
in [13] thatJ + is equalto theclass� 1 [< ].

Example2.4 A monoidM is J -trivial if division is apar-
tial order on M , that is, if the conditionsuxv = y and
syt = x imply x = y. Theclassof J -trivial monoidsform
a variety, denotedby J. Simon's theorem[22] statesthat
J (A � ) is the Booleanalgebrageneratedby the languages
of theform A � a1A � � � � ak A � , wherek � 0 anda1; : : : ; ak

arelettersof A. It follows from [27] thatJ is alsoequalto
theclassB� 1 [< ].

Example2.5 A monoidM is aperiodic if thereexists an
integern suchthat,for everyx 2 M , xn = xn +1 . Theclass
of aperiodicmonoidsform a variety denotedby A. The
resultsof Scḧutzenberger[20] andMcNaughtonandPapert
[11] show thatthecorrespondingvarietyof languagesis the
classof star-free languages,or in logical terms,the class
FO[< ].

Example2.6 Let MOD be the class of all stamps' :
A � ! M suchthatM is a cyclic groupand' (a) = ' (b)
for all lettersa; b in A. Then MOD is an lm-variety of
stamps.For eachalphabetA, a languageof M od(A � ) is

recognizedby somestamp� n : A � ! Z=nZ andhence
is a �nite union of languagesof the form (An )� Ak with
0 � k < n.

Example2.7 Given a variety of �nite semigroupsV, a
stampis said to be a quasi-V stampif its stablesubsemi-
group belongsto V. It is statedin [26] that the quasi-V
stampsform an lm-variety, denotedby QV. It wasproved
in [2] that FO[< + MOD] is the lm-variety of languages
correspondingto QA.

2.5 Identities

Both varieties of �nite monoids and lm-varieties of
stampshave equationalcharacterizations[19, 9, 16]. The
sameresultholdsfor theirorderedcounterparts.Theformal
de�nition of identitiesrequirestheintroductionof pro�nite
topologies.Herewe considera simplernotion, illustrated
with a few basicexamples,which impliestheresult.

We start by recalling an elementaryfact about �nite
semigroups. Let x be an elementof a �nite semigroup
S. SinceS is �nite, thereexist integersi; p > 0 suchthat
x i + p = x i . Thesubsemigroupof S generatedby x is rep-
resentedbelow.

�
x

�
x2

�
x3

: : : : : : : : : : : :

&%

'$

x i + p = x i
�

x i +1
�

x i +2
�

x i + p� 1
�

It is easyto seethat the semigroupf x i ; : : : ; x i + p� 1g is a
cyclic groupG(x), whoseidentity is x ! , theuniqueidem-
potentpowerof x.

An ! -termonanalphabetA is built from thelettersof A
usingtheusualconcatenationproductandtwo unaryoper-
ators:x ! x ! andx ! x ! � 1. Thus,if A = f a; b;cg, abc,
a! and((ab! � 1c)! ab)! areexamplesof ! -terms.

Let ' : A � ! M be a stamp. The image' (t) of an
! -term t is de�ned recursively as follows. If t is a letter,
then' (t) is alreadyde�ned. If t andt0 are! -terms,then
' (tt 0) = ' (t)' (t0). If t = u! , then ' (t) is the unique
idempotentpower of ' (u). Finally if t = u! � 1, then' (t)
is theinverseof ' (u) ! ' (u) in thecyclic groupG(' (u)) .

Let u; v betwo ! -termsona �nite alphabetB . A stamp
' : A � ! M is saidto satisfythelm-identityu = v if, for
every lm-morphismf : B � ! A � , ' � f (u) = ' � f (v). If
M is ordered,we saythat ' satis�esthelm-identityu � v
if, for every lm-morphismf : B � ! A � , ' � f (u) � ' �
f (v).

A monoid(orderedmonoid)M satis�estheidentityu =
v (u � v) if for every morphism' : B � ! M , ' (u) =
' (v) (' (u) � ' (v)).

An lm-variety V satis�es a given lm-identity if every
stampin V satis�es this identity. The classof all stamps



satisfyinga given set of lm-identitiesis an lm-variety of
stamps. Similarly the classof all (ordered)monoidssat-
isfying a given set of identitiesis an variety of (ordered)
monoids.

By extension, we say that a languageL satis�es a
monoid identity (lm-identity) if its syntacticmonoid (or-
deredmonoid,stamp,orderedstamp)satis�esthis identity.

Example2.8 As anlm-varietyof stamps,MOD is de�ned
by thesingleidentityx ! � 1y = 1.

The variety of �nite aperiodicmonoidsA is de�ned by
theidentityx ! = x ! +1 .

The variety of �nite orderedmonoidsJ+ is de�ned by
theidentityx � 1. Thevarietyof �nite monoidsJ isde�ned
by thetwo identitiesx ! = x ! +1 and(xy)! = (yx)! .

3. Expressive power of � 1[< + MOD]

We �rst give a simplecombinatorialdescriptionof the
languagesde�nablein � 1 [< + MOD].

Let us call modular simple a languageof the form
(Ad)� a1(Ad)� a2(Ad)� � � � ak (Ad)� , whered > 0, k � 0
anda1; a2; : : : ; ak 2 A.

Proposition3.1 A languageis de�nablein � 1 [< + MOD] if
andonly if it is a �nite unionof modularsimplelanguages.

Proof. The language(Ad)� a1(Ad)� a2(Ad)� � � � ak (Ad)�

canbede�ned by the� 1-formula

9x1 : : : 9xk (x1 < : : : < xk ) ^ (a1x1 ^ � � � ^ ak xk )

^ (MODd
0 x1 ^ MODd

1 x2 ^ � � �^ MODd
k � 1 xk ^ MODd

k � 1 m)

This shows that any �nite union of modular simple lan-
guagesis de�nable in � 1 [< + MOD]. To prove the re-
sult in the oppositedirection,considera � 1-formula  =
9x1 : : : 9xk ' (x1; : : : ; xk ). We may assumethat ' is
in disjunctive normal form. Negationsof atomic formu-
las can be eliminatedby replacing: (x = y) by (x <
y) _ (y < x), : (x < y) by (x = y) _ (y < x),
: (MODd

r x) by _ s6= r MODd
s x and: (ax) by _b6= a (bx). Fur-

ther, by the Chineseremaindertheorem,conjunctionsof
atomicformulasof theform MODd0

r 0
m ^

V
1� i � n MODdi

r i
x i

can be replacedby disjunctionsof formulasof the form
MODd

s0
m ^

V
1� i � n MODd

si
x i , whered = lcm(di ). Al-

together,  is equivalent to a disjunctionof formulasof
the form 9x1 : : : 9xk (x1 < : : : < xk ) ^ (a1x1 ^ � � � ^
ak xk )^ (MODd

r 1
x1^ � � �^ MODd

r k
xk ^ MODd

r m) de�ning the
language (Ad)� As1 a1(Ad)� As2 a2(Ad)� � � � ak (Ad)� As

where,for 1 � i � k, s1 + s2 + � � � + si � r i (mod d) and
r k + s � r (mod d). Finally, observingthat (Ad)� A r =
[(Ad)� ([ a2 A a)]r (Ad)� , it suf�ces to usethe distributivity
of concatenationover union to concludethat the language

L( ) is a �nite union of modularsimplelanguages.

Theconcatenationhierarchyof star-freelanguagesmen-
tionedin theintroductionis de�nedby alternatingtwo types
of operations:the Booleanoperationsandthe polynomial
closure,thatwe now de�ne. Givena classof languagesL ,
we denoteby Pol(L ) thepolynomialclosure of L , which is
the classof languagesthat are �nite unionsof languages
of the form L 0a1L 1a2 � � � ak L k , whereL 0; : : : ; L k 2 L
anda1; : : : ; ak areletters. We alsodenoteby BPol(L ) the
Booleanclosureof Pol(L ).

It is shown in [13] that � 1 [< ] is equalto Pol(I ) where
I is the trivial variety of languages.The next proposition
showsthat� 1 [< + MOD] is equalto Pol(M od).

Proposition3.2 A language belongsto Pol(M od) if and
only if it is a �nite unionof modularsimplelanguages.

Proof. First, Pol(M od) clearlycontainsthemodularsim-
plelanguages.Conversely, any languageof Pol(M od)(A � )
can be written as a �nite union of languagesof the form
L = L 0a1L 1a2 � � � ak L k , wherea1; : : : ; ak arelettersand
L 0; : : : ; L k 2 M od(A � ). ThuseachL i is a �nite unionof
languagesof the form (An i )� Ak , with 0 � k � n i . Let d
betheleastcommonmultiple of then i . Settingr i = d=ni ,
we observe that (An i )� = [ 0� k<r i (A

d)� Akn i . Applying
the distributivity of concatenationover union,we may as-
sumethatall L i areof theform (Ad)� Ak . But (Ad)� Ak can
bewrittenas[ a1 a2 ��� ak 2 A k (Ad)� a1(Ad)� a2 � � � ak (Ad)� . It
follows that any languageof Pol(M od)(A � ) is a �nite
unionof modularsimplelanguages.

Ourdecidabilityresultfor � 1 [< + MOD] reliesonanal-
gebraiccharacterizationof thepolynomialclosure[16, 17].
However, the formulationof this generalresultrequiresus
to introduceMal'cev productsof varietiesand we prefer
herea simplerformulation.

Proposition3.3 A language belongsto Pol(M od) if and
only if its orderedsyntacticstamp' satis�esthe following
property: there existsa positiveinteger n such that theor-
deredmonoid' ((An )� ) satis�estheidentityx � 1.

Unfortunately, Proposition3.3doesnotprovideadecidabil-
ity criterionfor Pol(M od). Thenext result�x esthis prob-
lem.

Theorem3.4 A languagebelongsto Pol(M od) if andonly
if thestableorderedmonoidof its orderedsyntacticstamp
satis�estheidentityx � 1.

Proof. By Proposition 3.3, it suf�ces to show that if
' ((An )� ) satis�estheidentity x � 1 for somen > 0, then
' ((As)� ) satis�es the sameidentity. But since' (As) =



' (Ans ), ' ((As)� ) = ' ((Ans )� ). It follows that ' ((As)� )
is a submonoidof ' ((An )� ) andthussatis�esthe identity
x � 1.

Theorem3.4 gives a decidablecondition for testing
membershipin Pol(M od). But since we know that
Pol(M od) is a positive lm-varietyof languages,it is inter-
estingto �nd theidentitiesde�ning thecorrespondingvari-
etyof orderedstamps.

Theorem3.5 A languagebelongsto Pol(M od) if andonly
if its ordered syntactic stamp satis�es the lm-identities
x ! � 1y � 1 andyx ! � 1 � 1.

Proof. Let L be a regular language,' : A � ! M its or-
deredsyntacticstamp,S its stablemonoidands its stability
index.

FirstassumethatL belongsto Pol(M od). Let x andy be
two wordsin A � of equallengthandletu = x (s� 1) ! x ! � 1y.
Thelengthof u is a multiple of s andthus' (u) belongsto
S. By Theorem3.4,S satis�estheidentityx � 1 andhence
' (u) � 1. But ' (u) = ' (x ! � 1y) andthus' (x ! � 1y) � 1.
Thisprovesthat ' satis�esthelm-identitiesx ! � 1y � 1. A
symmetricalargumentworksfor thesecondidentity.

Conversely, assumethat ' satis�es the lm-identities
x ! � 1y � 1 andyx ! � 1 � 1. We claim that m � 1 for
all m 2 S. Therelationis trivial if m = 1. If m 6= 1, then
m 2 ' (As) = T . SinceT 2 = T, it followsfrom [14, Chap.
1, Proposition1.12] that m = uev for someu; e;v 2 T
with e idempotent.Thusthereexist x; y; z 2 As suchthat
' (y) = u, ' (x) = e and' (z) = v. Sincejxj = jyj = jzj,
onehas' (yx ! � 1) � 1 and' (x ! � 1z) � 1. It follows that
ue � 1 andev � 1, whencem = uev = ueev � 1. This
provestheclaimandshows,by Theorem3.4,thatL belongs
to Pol(M od).

Theresultsof this sectionshouldbecomparedwith the
characterizationof the class� 1 [< + REG] which can be
derivedfrom thetwo papers[8, 21].

4. Expressive power of B� 1[< + MOD]

In this sectionwe give several characterizationsof the
classB� 1 [< + MOD]. Let usstartwith animmediatecon-
sequenceof Proposition3.1:

Proposition4.1 A languageis de�nablein B� 1 [< + MOD]
if andonly if it is a Booleancombinationof modularsimple
languages.

Oursecondcharacterizationis basedonpropertiesof the
wreathproduct.Thenon-specialistreadercanskipthetech-
nical de�nitions givenbelow, admitTheorem4.2andjump
directly to Theorem4.3.

ThewreathproductN � K of two monoidsN andK is
de�ned on thesetN K � K by thefollowing product:

(f 1; k1)( f 2; k2) = (f ; k1k2); with f (k) = f 1(k)f 2(kk1)

Thisde�nition canbeextendedto varietiesof stampsasfol-
lows. Let V; W betwo lm-varietiesof stamps.A (V; W)-
productstampis a stamp' : A � ! M suchthat:

(1) M is asubmonoidof awreathproductN � K , where
N andK are�nite monoids.

(2) Let � : N � K ! K be the canonicalprojection
morphism.Thenthestamp� � ' : A � ! � (M ) is in
W.

(3) For a in A, wecanwrite ' (a) = (f a ; � � ' (a)) where
f a is in N K . Wenow treatK � A asa�nite alphabet
andwede�ne astamp� : (K � A) � ! Im(�) � N
by �( k; a) = f a(k). We require� to bein V.

We de�ne V � W to betheclassof all stampsthatdivide a
(V; W)-productstamp.TheclassV � W is calledthewreath
productof the lm-varietiesof stampsV andW. It canbe
shown [3] that V � W is an lm-varietyof stampscontain-
ing W. The wreathproductis an associative operationon
lm-varietiesof stampswhich extendsthe classicalwreath
productonEilenberg'svarieties.

The wreathproductprinciple [6, 3] givesa description
of languagesrecognizedby a stampof V � W. It is based
onsimilar resultsfor varietiesof monoids[24, 18]. Weonly
givehereasimpli�ed versionfor thecaseW = MOD.
For eachn > 0, let Bn = Z=nZ � A and� n : A � ! B �

n
bethesequentialfunctionde�ned by setting:

� n (a1 � � � ak ) = (0; a1)(1; a2) � � � (k � 1; ak ):

Theorem4.2 Let V be an lm-variety of stampsand let U
bethe lm-varietyof languagesassociatedwith V � MOD.
Thenfor every alphabetA, U(A � ) is the smallestpositive
Booleanalgebra containingM od(A � ) and the languages
of theform � � 1

n (V ), where n > 0 andV is in V(B �
n ).

Proof. The generalWreath ProductPrinciple on stamps
(WPP for short) [3] makes useof slightly more involved
sequentialfunctionsthat we shall introducenow. Given a
stamp' : A � ! M andanelementm in M , we de�ne the
sequentialfunction� m : A � ! (M � A) � by setting:

� m (a1 � � � an ) =

(m; a1)(m' (a1); a2) � � � (m' (a1 � � � an � 1); an )

A sequentialfunction � is said to be associatedwith ' if
� = � m for somem in M . TheWPPstatesthatU(A � ) is the
smallestpositiveBooleanalgebracontainingM od(A � ) and
the languagesof theform � � 1(V ), where� is a sequential
function associatedwith a stamp' : A � ! M in MOD
andV is in V

�
(M � A) �

�
.



Notice �rst that, if ' : A � ! M is in MOD then
M is a �nite cyclic group, andone can thus assumethat
M = Z=nZ for somepositive integer n. We denotethis
groupadditively. Further, since' is surjective, thereex-
ists a generatork of Z=nZ suchthat ' (A) = f kg. Thus
' is isomorphicto the stamp� n : A � ! Z=nZ, de�ned
by � n (A) = f 1g. ThereforeU(A � ) is thesmallestpositive
BooleanalgebracontainingM od(A � ) andthelanguagesof
the form � � 1(V ), where� is a sequentialfunction associ-
atedwith somestamp� n andV is in V(B �

n ).
Now, let V be a languagein V(B �

n ) andlet � k : A � !
B �

n be the sequentialfunction associatedwith � n and an
elementk in Z=nZ. De�ne the lm-morphismf k : B �

n !
B �

n by f k (x; a) = (x + k; a), andlet V 0 = f � 1
k (V ). Then

V 0 is in V(B �
n ) and� � 1

k (V ) = � � 1
n (V 0). Therefore,it is

suf�cient to considersequentialfunctionsof the form � n ,
whichconcludestheproof.

We now arrive at our second characterizationof
B� 1 [< + MOD].

Theorem4.3 A language is a Boolean combination of
modularsimplelanguagesif andonly if its syntacticstamp
belongsto thelm-varietyJ � MOD.

Proof. Let U be the lm-variety of languagescorrespond-
ing to J � MOD. We �rst show thateachlanguageof U is
a Booleancombinationof modularsimple languages.By
Proposition3.2, it suf�ces to show that U is containedin
BPol(M od).

Let A be an alphabet. According to Theorem4.2,
U(A � ) is thesmallestpositive Booleanalgebracontaining
M od(A � ) and the languagesof the form � � 1

n (V ), where
n > 0 andV belongsto J (B �

n ). SinceM od is contained
in Pol(M od), it remainsto prove thatall languagesof the
form � � 1

n (V ) arein BPol(M od). Further, since� � 1
n com-

muteswith Booleanoperations,wemayassumeby Simon's
theorem[22] thatV is equalto B �

n b1B �
n � � � bpB �

n for some
b1; : : : ; bp 2 Bn . Settingbi = (r i ; ai ), weobservethat

� � 1
n (V ) = (An )� A r 1 a1(An )� As2 a2 � � � (An )� Asp apA � ;

with si = r i � (r i � 1 + 1) mod n, for i = 2 � � � p. SinceA �

andall languagesof the form (An )� A j are in M od(A � ),
� � 1(V ) belongsto Pol(M od(A � )) .

Wenow provethatany Booleancombinationof modular
simplelanguagesis in U. A simplecomputationshowsthat
if

L = (Ad)� a1(Ad)� a2(Ad)� � � � ak (Ad)�

is amodularsimplelanguageof A � , then

L = � � 1
d (B �

db1B �
d � � � bk B �

d ) \ (Ad)� Ak

with bi = (i � 1; ai ) for 1 � i � k. SinceB �
db1B �

d � � � bk B �
d

is in J (B �
d ), L belongsto U(A � ). Finally, sinceU(A � ) is

a Booleanalgebra,any Booleancombinationof modular
simplelanguagesof A � is in U(A � ).

It follows from Proposition4.1 and Theorem4.3 that
decidingwhethera given regular languageis de�nable in
B� 1 [< + MOD] amountsto showing that the lm-variety
J � MOD is decidable.Theproof requiresus to introduce
derivedcategories[28]. In thispaper, categoriesareviewed
asgeneralizationsof monoidssinceaone-objectcategoryis
in factamonoid.

Let C; D betwo categories.A divisionof categories� :
C ! D is given by a mapping� : Obj (C) ! Obj (D )
andfor eachpair (u; v) of objectsof C, by a relation � :
C(u; v) ! D (� (u); � (v)) suchthat

(1) � (x)� (y) � � (xy) for any consecutivearrowsx; y,
(2) � (x) 6= ; for any arrow x,
(3) 1� (u ) 2 � (1u ),
(4) � (x) \ � (y) 6= ; implies x = y for any coterminal

arrowsx; y of C.
If V is variety of monoids,we denoteby gV the classof
all categoriesthatdividea monoidin V (regardedasa one-
objectcategory). By transitivity of division of categories,
gV is alwaysclosedunderdivision.

Let ' : A � ! M beastamp.For eachintegern, let � n :
A � ! Z=nZ be thestampde�ned by � n (u) = juj mod n
andlet ' n betherelationalmorphism' n = � n � ' � 1.

A �

M Z=nZ

' � n

' n

Let Cn (' ) be the category whoseobjectsareelements
of Z=nZ andwhosearrowsfrom objecti to objectj arethe
triples(i; m; j ) wherej � i 2 ' n (m). Its compositionrule
is givenby (i; m1; j )( j; m2; k) = (i; m1m2; k).

Thenext resultis a specialinstanceof thederivedcate-
gory theoremdueto Tilson [28], but two modi�cationsoc-
cur. First, Tilson's original de�nition of the derived cate-
gorywasdifferentfrom ours,but thismorecomplex de�ni-
tion is not requiredfor relationalmorphismsontoa group.
Second,Tilson'sproofneedsto beadaptedto thecontext of
stamps.Altogether, we obtainthefollowing result:

Theorem4.4 A stamp' is in J � MOD if andonly if there
existsa positiveinteger n such thatCn (' ) is in gJ.

Weshallnow improveTheorem4.4by giving anexplicit
boundon the integer n. First, it wasshown by Knastthat
a category belongsto gJ if andonly if, for eachof its sub-
graphsof theform givenin Figure2, onehas

(m1m2)! (m3m4)! = (m1m2)! m1m4(m3m4)! (1)



i j

(i; m1; j )

(i; m3; j )

(j; m2; i )

(j; m4; i )

Figure 2. A Knastsubgraph.

We now stateournew characterization.

Theorem4.5 Let ' bea stampof stability index s. Then'
belongsto J � MOD if andonly if Cs(' ) is in gJ.

Proof. First, if Cs(' ) is in gJ, then' belongsto J � MOD
by Theorem4.4.

Now assumethat ' : A � ! M belongsto J � MOD.
Then, by Theorem4.4, there exists a positive integer n
suchthat Cn (' ) is in gJ. We prove that Cs(' ) is in gJ
by showing that it satis�es Knast's equation. Considera
Knastsubgraphof Cs(' ), with thenotationin Figure2. Set
k = j � i . Thereexist wordsu1; u2; u3; u4 in A � suchthat
' (ui ) = m i for 1 � i � 4 and

ju1j � ju3j � �j u2j � �j u4j � k mod s:

SinceM is a �nite monoid,thereexists an integer ! such
that, for all x 2 M , x ! is idempotent.Furtherwe canas-
sumethat! is greaterthans. Now setting

(
v1 = (u1u2)! u1; v2 = u2(u1u2)! � 1

v3 = (u3u4)! u3; v4 = u4(u3u4)! � 1

we still have jv1 j � jv3 j � �j v2j � �j v4j � k mod s.
Further(' (v1); ' (v2)) and(' (v3); ' (v4)) arepairsof mu-
tually inverseelementsof M . If k 6= 0, then for eachi ,
jvi j � s andonecan�nd anintegerpi suchthat

(
jvi j = pi s + k ; pi > 0; for i = 1; 3
jvi j = pi s � k ; pi > 1; for i = 2; 4

By de�nition of s, wehave ' (As) = ' (A2s) andhence

(
' (Api s+ k ) = ' (Anp i s+ k ); for i = 1; 3

' (Api s� k ) = ' (Anp i s� k ); for i = 2; 4

Thus, there exist words x1; x2; x3; x4 in A � such that
' (vi ) = ' (x i ) for 1 � i � 4 and

(
jx i j = npi s + k; for i = 1; 3

jx i j = npi s � k; for i = 2; 4

Therefore,jx1j � jx3 j � �j x2j � �j x4j � k mod n, and
Cn (' ) containsthesubgraphpicturedin Figure3.

i j

(i; ' (x1); j )

(i; ' (x3); j )

(j; ' (x2); i )

(j; ' (x4); i )

Figure 3. A subgraphof Cn (' ).

SinceCn (' ) is in gJ, it satis�esKnast'sequation,thatis,

' (x1x2)! ' (x3x4)! = ' (x1x2)! ' (x1x4)' (x3x4)! ;

which �nally yields Equation(1). Therefore,Cs(' ) is in
gJ.

We now treatthecasewherek = 0. If u1 = u2 = u3 =
u4 = 1, Equation(1) holdstrivially. Else,if u1 = u2 = 1
but u3u4 6= 1, we setx1 = x2 = 1 andsincejv3 j; jv4j �
s, we can take x3; x4 asabove. Then, it is still true that
jx1 j � jx3 j � �j x2 j � �j x4 j � 0 mod n andthatCn (' )
containsthesubgraphpicturedin Figure3, which givesthe
result.Theargumentis symmetricalif u3 = u4 = 1. In all
remainingcases,thewordsvi have lengthgreateror equal
to s and the proof of the casek 6= 0 carriesover.

Corollary 4.6 Givena regular language L , onecaneffec-
tivelydecidewhetherL is de�nablein B� 1 [< + MOD].

Proof. It suf�ces to computethesyntacticstampof L and
its stability index s andcheckwhetherthederivedcategory
Cs(' ) satis�esKnast's identity (1).

5. Summary

We proved the decidabilityof the two classes� 1 [< +
MOD] andB� 1 [< + MOD]. In algebraicterms,our results
canbesummarizedasfollows:

< < + MOD < + REG

� 1 J+ J+ � MOD J+ � LI � MOD

B� 1 J J � MOD J � LI � MOD
...

FO A A � MOD A � MOD

However, there are subtle differencesbetweenthesetwo
new results,aswell as importantfeaturesthat distinguish



themfrom the older resultslisted in the fourth columnof
thetable. Indeed,givena stamp' , onecandecidewhether
' belongsto the varietiesof the fourth columnby verify-
ing thattheirstable(ordered)monoidsatis�escertaincondi-
tions.This is dueto thepropertiesthatthevarietiesJ+ � LI ,
J � LI and A satisfy the condition V � LI = V. It was
observedbothin [6] andin [12] thatfor varietiessatisfying
thiscondition,thedecidabilityof V andV� MOD areequiv-
alent. The varietyof orderedmonoidsJ+ doesnot satisfy
thiscondition,but it is a local varietyin thesenseof Tilson
[28]: this still suf�ces to getthedecidabilityof J+ � MOD.
Thehardestcaseis J � MOD: thevarietyJ is known to be
nonlocalandKnastidentitiesarerequiredto get thedecid-
ability.

It wouldbeinterestingto obtainapurelymodeltheoretic
proofof our results.
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