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Abstract

Two results by Sditzenbeger (1965) and by Mc-
Naughtonand Papert (1971)lead to a precisedescription
of the expressivepowerof r storder logic on words inter-
pretedasorderedcoloredstructues.In this paperwestudy
theexpressivepowerof existentialformulasandof Boolean
combinationof existentialformulasin a logic enrichedby
modular numerical predicates. We r st give a combina-
torial descriptionof the correspondingegular languages,
andthengiveanalgebraic characterizationin termsof their
syntacticmorphismslt followsthat onecaneffectivelyde-
cidewhethera givenregular languageis capturedby oneof
thesetwo fragmentsof r st order logic. Theproofsrely on
nontrivial techniquesof semigouptheory: stampsgderived
catggoriesandwreathproducts.

1. Intr oduction

Thereis by now an extensize literature on the expres-
sive power of variousfragmentsof rst orderlogic inter-
pretedon nite words. Therearealsoknown connections
with severalareasn mathematicandcomputersciencejn-
cluding nite semigroupsautomatagescriptive settheory
compleity, circuits and communicationcomplecity. Fur-
ther, this researchis a necessargteptowardsthe study of
richer structuredike in nite words, treesor graphs. This
paperis acontritutionto thistheory

Letusbrie y describeheframework of our results.We
associateéo eachnonemptywordu = apay :::aj,; 1 over

thealphabetA arelationalstructure

My =01 50uf 1)< (Bazag
where< is theusualorderonthedomainanda is a predi-
categiving the positionsi suchthata; = a. For instance,
if u = abbaabathena = f0;3;4;6g andb = f1;2;5g.
Givenaformula' , thelanguagede ned by ' isL(") =
fu2 A* j M, satises' g. Sincelanguagesnay contain
theemptyword, we make the corventionthatalanguage.
of A isdenedby' if L(")=L\ A*.

McNaughtonandPapert[11] shavedthatalanguagds
rst-order de nable (in the signaturef <; (a)a2a0) if and
onlyif it is starfree. Thedecidabilityof this classof regular
languagesijenotedy FO[<], followsfrom acelebratede-
sult of Schitzenbeger[20]: aregularlanguages starfree
if andonly if its syntacticmonoidis aperiodic Thomaq27]
(seealso[13]) re ned this correspondendeetweenrst or-
derlogic andstarfree languagesy showving thatthe con-
catenatiorhierarchyof starfreelanguagess, level by level,
in correspondencwith the -hierarchyof rst orderfor-
mulas. However, little is known aboutthe decidability of
theseclasseslt is notverydif cult to decidewhetheror not
agivenregularlanguageelongsto ;[<]. Thedecidabil-
ity of theBooleanclosureof thisclassdenotecbyB ;[<],
relieson a nontrivial algebraicresultof Simon[23]. The
decidabilityof ,[<] wasalsoprovedby algebraicmeth-
ods[1, 17], but thedecidabilityof theupperlevelsB ,[<],

3[<]andbeyondis amajoropenproblem.

Several enrichmentdo the vocalulary < were consid-
eredin theliterature.Letk 0. Recallthatak-ary numer
ical predicatesymbolassociateto eachn 0 a subsebf



1. Weview (i1;:::;ik) 2 f0;:::;n 1

asaword o , 1 overthealphabet = 2/%k9 py
setting ; = fr j i, = jg: Thuseachnumericalpredicate
symbolgivesriseto alanguagan  : We saythe numer

ical predicatesymbolis regular if the correspondindan-
19X isthe
one-elemensetf;g :)

Let0 < d; andr 2 Z=dZ. We de ne two numeri-
cal predicatesymbols(the modularpredicate$. Theunary
symbolmop? assignsto n the setfi < n j imodd =
rg; andthe 0-ary symbol D? assignsf;g to n if n mod
d = r; and; otherwise. The associatedanguagesare
G4 ;" ig; and(;Y) ;';respectiely, sothesearereg-
ularnumericalpredicatesEquivalently, we couldintroduce
a constantsymbolm denotingthe last positionin a string,
in which caseD? is equivalentto mob? ;m. (Thisis the
notationthatwe shalladoptbelow.)

We denoteby FO[< + moD] thelogic obtainedby ad-
joining all modularpredicates.This signaturewas consid-
eredimplicitly in automataheoryandexplicitly in arecent
paperby Esik andIto [6]. It shouldnot be confusedwith
rst orderlogic with modularquanti ers.

Thelogic FO[< + REG] is obtainedby adjoiningall regu-
lar numericalpredicatesymbols.Thislogic wasconsidered
in [2, 10, 12, 25] in connectionwith circuit compleity.

It is not dif cult to seethatFO[< + moD] = FO[< +
REG]. However, thelower levelsof the ,-hierarchydiffer
for the threesignatures The decidabilityof ;[< + REG]
andB i[< + REG] wasestablishedn [10]. In this paper
we establisithedecidabilityof thefragments 1[< + MOD]

andB ;[< + moD], aproblemleft openin [6]. Thesitua-
tion is summarizedn thetablebelow:
< < + MOD < + REG
DECIDABLE | DECIDABLE | DECIDABLE
11 13,27 Newresult | [8, 10, 21]
B DECIDABLE | DECIDABLE | DECIDABLE
11 23,27 Newresult | [10]
FQ | DECIDABLE | DECIDABLE | DECIDABLE
[11,2Q [2, 25] [2, 25]

Our paperis organizedasfollows. Section2 presentghe
necessarnpackgroundo understanaur proofs. Our main
decidability resultson fragmentsof rst order logic are
provedin Section3 for ;[< + mMoD] andin Section4 for
B 1i[< + moD]. In thelastsectionwe summarizeour re-
sultsandcomparehemwith otherdecidabilityresults.

2. The algebraic approach

In this section,we surwey the algebraicapproacho au-
tomatatheorythatis neededo stateour mainresults. We

brie y presentEilenbeqg's variety theory[4], its extension
to the orderedcase[15] andits morerecentgeneralization
to stampd5, 6,7, 16, 26], in aform suitableto our purpose.

2.1 Semigroups,monoidsand stamps

A semigpupis a setequippedwith a binary associatie
operation,denotedmultiplicatively, or additvely whenthe
semigrougds commutatve. A monoidis asemigroupwith a
unit element.An elemente of a semigroups idempotentf
€ = e. Ina nite semigroupgvery elementx hasaunique
idempotenpower, denotedoy x' .

An elements of a semigroupS is saidto beregular if
andonly if thereexistsanelements of S, calledaninverse
of s suchthatsss = s andsss = s.

Given two monoidsM and N, a monoid morphismis
amap' : M ! N satisfying' (1) = 1and' (uv) =
" (u)' (v) forallu;vin M. A monoidM isasubmonoidf
amonoidN if thereexists aninjective morphismfrom M
into N. A monoidN is a quotientof amonoidM if there
existsasurjective morphismfrom M ontoN . A monoidM
dividesamonoidN if M is aquotientof asubmonoicf N .
Theproductof two monoidsM ; andM ; isthesetM; M
equippedvith theproduct(x1; X2)(y1;Y2) = (X1Y1; X2Y2).

An ordered semigroupis a semigroupequippedwith a
partial order compatiblewith the operationof the semi-
group. An order ideal | of anorderedsemigroup(S; )
isasubsebf S suchthatif x 2 1 andy xtheny 2 1.

Morphismsof orderedsemigroupsare orderpreserving
morphismsof semigroupsThenotionsof orderedsubsemi-
group, quotientand productarereadily adaptedrom their
unorderedrersionandeasilyextendedo the monoidcase.

A relationalmorphismbetweentwo monoidsM andN
isarelation : M ! N whichsatis es

(1) foreverys2 M, (s) 6 ;,
(2) foreverys;;sp 2 M, (s1) (S2)
312 Q).

A stampis a morphismfrom a nitely generatedree
monoidontoa nite monoid.A stamp' : A ! M issaid
to betrivial if M is thetrivial monoid.An orderedstampis
astampontoanorderedmonoid.

Let' : A I M beastampandletZ = ' (A). Then
Z is an elementof the monoid P (M) of subsetsof M,
equippedwith theproductXY = fxy j x 2 X;y 2 Yg.
SinceP (M) is nite, Z hasanidempotentpower. This
justi es the following de nition: the stability index of a
stamp' : A ! M is the leastpositive integer such
that' (AS) = ' (A%%). Theset' (AS) is a subsemigroup
of M called the stable semigoup of ' and the monoid
' (A%) [ flgis calledthestablemonoidof' .

(s152),



2.2 Stampsand languages

Stampsandorderedstampsanbe seenaslanguageec-
ognizerdn thefollowingway. Let' : A ! M beastamp.
A languagd. overA isrecagnizedbythestamp' if there
existsa subsetr of M suchthatL = ' (F). If M is
orderedwerequireF to beanorderidealof M . By exten-
sion, we saythatthe (ordered)monoidM recognized if
thereexistsastamp : A ! M recognizingL.

A languages saidto be recanizableif it is recognized
by some nite monoid. Kleenes theoremassertghatrec-
ognizableandregularlanguagesoincide.

Givenalanguagé. overA ,wede nethesyntacticcon-
gruence | andthesyntacticpreoder | asfollows:

Q) u
(2) u

ThemonoidA = | isthesyntacticmonoidof L andis de-
notedby M (L). It canbe orderedwith the partialorderre-
lationinducedby |, toform theorderedsyntacticmonoid
of L. Thenaturalmorphism  : A ! M(L) is calledthe
syntactic(ordered) stampof L. The syntacticmonoidof L
is the smallestmonoid (with respectto the division order
on monoids)thatrecognized . In particular alanguagds
regularif andonly if its syntacticmonoidis nite.

Fromnow on, all semigroupgndmonoidswill beeither
nite or free.

L viffforallx;y 2 A ,xvy2 L, xuy 2L,

L viffforallx;y2 A ;xvy2 L) xuy2L.

2.3 Thevariety approach

Thegeneraldeaof thevarietytheoryis to classifyregu-
lar languageshroughthe algebraicpropertiesof their syn-
tactic invariants. For this purpose,Eilenbeg originally
considerectlassef nite monoidsde ned by equations,
called varieties This gave an appealingframeawvork in
whichto studyclasse®f recognizabléanguageslosedun-
derBooleanoperationsquotients andinversemorphisms.

However, ourclasses ;[< + MoD]andB [< + MOD]
arenot closedunderinversemorphismsandthe rst oneis
notevenclosedundercomplementStill, they areclosedun-
derinversesf length-multiplyingmorphismsandit is pos-
sibleto adaptEilenbeg's variety theoryto this wealer set-
ting. Thepriceto payis theshift from the syntacticmonoid
tothesyntacticstamp(for B 1[< + MOD]) orto thesyntac-
tic orderedstamp(for 1[< + MoOD]). Thegeneraframe-
work for this studyis the theoryof C-varieties recentlyin-
troducedby Straubing26].

We rst recalltheclassicahotionof varieties.A variety
of nite monoidsis a classof ( nite) monoidsclosedunder
division and nite product. Varietiesof nite semigroups
andof nite orderedmonoidsarede ned analogously

We now turn to varietiesof stamps.Recallthata mor
phismf : A | B islength-multiplying(Im for short)if

thereexists anintegerk suchthatthe imageof eachletter
of A isawordof BK. A stamp' : A ! M Im-divides
astamp : B ! N if thereis apair (f; ) (calledan
Im-division), wheref : A ! B is anlm-morphism,

N I M is apartial surjectve monoidmorphism,and
"= f. If f istheidentity on A |, the pair (f; )
is simply calleda division. If ' and areorderedstamps,
thatis, if M andN areorderedmonoids, isrequiredto be
orderpreserving.

f
A ~ B

I

Im( f)

Figure 1. A divisiondiagram.

The product of two stamps' 1 : A ! My and', :
A | My, is the stamp’' with domainA de ned by
"(@ = (" 1(a);' 2(a)). Therangeof ' is a submonoid
of M1 Moy,

An Im-variety of stampsis a classof stampscontain-
ing the trivial stampsandclosedunderim-division and -
nite products.The de nition of a varietyof orderedstamps
is similar. Note thatif V is a variety of nite (ordered)
monoidsthentheclassof all (ordered)stampsvhoserange
is in V forms anIm-variety of (ordered)stamps,also de-
notedby V.

We now cometo thede nition of varietiesof languages.
A positive Booleanalgebra is a set of languageghat is
closedunder nite unionand nite intersectionlf it is also
closedundercomplementijt is called a Booleanalgebra.
Givenalanguagd. andawordu, we set

ulL=fv2A juv2Lg
Lu '=fv2A jvw2Lg

A classof recanizablelanguagesV assigngo each nite
alphabetA asetV(A ) of recognizabldanguagesof A .
A positivevariety of languagesis a classof recognizable
language¥ suchthatfor any alphabet#\ andB,
(1) V(A ) isapositive Booleanalgebra,
(2 ifL 2 V(A )anda2 Athena L;La 12 V(A ),
@) if":A ! B isamorphismL 2 V(B ) implies
L) 2V(A).
A variety of languagesis a positive variety V suchthat, for
eachalphabetA, V(A ) is closedundercomplement.
Positive Im-varietiesandl m-varietiesof languagesre
de nedin the sameway by wealeningCondition(3) to
@) if':A ! B isanIm-morphism,L 2 V(B )
implies' (L) 2 V(A ).



Givenavarietyof nite monoidsV, theclassV of all lan-
guagesrecognizedby a monoidin V is a variety of lan-
guagesEilenbeg'stheorem[4] assertghatthe correspon-
denceV ! YV isone-to-onexndonto.

Similarly, if V is avarietyof nite orderedmonoidsthe
classV of all languagesecognizedy an orderedmonoid
in V is a positive variety of languageslt is provedin [15]
thatthecorrespondenceé ! V is one-to-oneandonto.

Finally, givenan Im-variety of (ordered)stampsV, the
classV of all languagesecognizedby a stampin V is a
(positive) Im-variety of languagesilt is provedin [26] that
thecorrespondence ! V is one-to-oneandonto.

2.4 Examples

Example 2.1 Thetrivial varietyof monoidsl consistonly
of onemonoid,thetrivial monoid. The correspondinga-
riety of languaged is de ned, for every alphabetA, by
I(A)="f ;A Q.

Example 2.2 A semigrours is locally trivial if eSe = feg
for eachidempotent of S. Theclassof locally trivial semi-
groupsform avarietyof semigroupsgenotecby LI .

Example 2.3 Let usdenoteby J* theclassof all nite or-
deredmonoids(M; ) suchthat,for all x 2 M, x 1.
Onecanshow thatJ" is a variety of orderedmonoidsand
thatalanguagépelonggoJ * (A ) if andonlyif itisa nite
union of language®f the form A a; A axA , where
k Oanday;:::;ax arelettersof A. Further it is shavn
in [13] thatJ * is equalto theclass [<].

Example 2.4 A monoidM is J -trivial if divisionis apar

tial orderon M, thatis, if the conditionsuxv = y and

syt = x imply x = y. Theclassof J -trivial monoidsform

a variety, denotedoy J. Simon's theorem[22] statesthat

J (A ) is the Booleanalgebrageneratedy the languages
of theform A a;A axA , wherek
arelettersof A. It follows from [27] thatJ is alsoequalto
theclassB 1[<].

Example 2.5 A monoidM is aperiodicif thereexists an
integern suchthat,for everyx 2 M ,x" = x"*1, Theclass
of aperiodicmonoidsform a variety denotedby A. The
resultsof Schitzenbeger[20] andMcNaughtorandPapert
[11] show thatthecorrespondingariety of languagess the
classof starfree languagespr in logical terms, the class
FO[<].

Example 2.6 Let MOD be the classof all stamps'

A ! M suchthatM is acyclic groupand' (a) = ' (b)
for all lettersa;bin A. Then MOD is anIm-variety of
stamps. For eachalphabetA, alanguageof M od(A ) is

recognizedoy somestamp , : A | Z=nZ andhence
is a nite union of languagesf the form (A") AK with
0 k<n.

Example 2.7 Given a variety of nite semigroupsV, a
stampis saidto be a quasiVV stampif its stablesubsemi-
group belongsto V. It is statedin [26] that the quasiV
stampsform anlm-variety, denotedby QV. It wasproved
in [2] that FO[< + moD] is the Im-variety of languages
correspondingo QA.

2.5 ldentities

Both varieties of nite monoids and Im-varieties of
stampshave equationalcharacterization§l9, 9, 16]. The
sameresultholdsfor theirorderedcounterpartsTheformal
de nition of identitiesrequirestheintroductionof pro nite
topologies. Here we considera simpler notion, illustrated
with afew basicexampleswhichimpliestheresult.

We start by recalling an elementaryfact about nite
semigroups. Let x be an elementof a nite semigroup
S. SinceS is nite, thereexistintegersi; p > 0 suchthat
xI*P = xI. Thesubsemigroupf S generatedy x is rep-
resentedelow.

)ﬁ;'+1 Xi+2
X X2 x3 xR = X
&%
xitp 1
[ igroupf x' ;110 X [
It is easyto seethat the semigro ! *p lgisa

cyclic groupG(x), whoseidentityis x' , the uniqueidem-
potentpower of x.

An! -termonanalphabef is built from thelettersof A
usingthe usualconcatenatioproductandtwo unaryoper

ators:x ! x' andx! x' 1. Thus,if A = fa;b;cg, abg
a and((ab c)' ab)' areexamplesof! -terms.
Let' : A ! M beastamp. Theimage' (t) of an

I -termt is de ned recursiely asfollows. If t is a letter,
then' (t) is alreadyde ned. If t andt®are! -terms,then
(9 = (b)) (9. Ift = u', then' (t) is the unique
idempotenipowerof ' (u). Finally if t = u' 1, then' (t)
is theinverseof ' (u)' ' (u) in thecyclic groupG(' (u)).

Letu; v betwo! -termsona nite alphabeB. A stamp
" A ! M issaidto satisfythelm-identityu = v if, for
everylm-morphismf : B ! A, fu)=" f(v).If
M is orderedwe saythat' satis esthelm-identityu v
if, for everyIm-morphismf : B ! A ;' f(u) '
f(v).

A monoid(orderedmonoid)M satis estheidentityu =
v (u ) if for every morphism' : B ! M, (u) =
W V).

An Im-variety V satis es a given Im-identity if every
stampin V satis esthis identity. The classof all stamps



satisfyinga given setof Im-identitiesis an Im-variety of
stamps. Similarly the classof all (ordered)monoidssat-
isfying a given set of identitiesis an variety of (ordered)
monoids.

By extension, we say that a languagelL satis es a
monoid identity (Im-identity) if its syntacticmonoid (or-
deredmonoid,stamp orderedstamp)satis esthisidentity.

Example 2.8 As anlm-varietyof stampsMOD is de ned
by thesingleidentityx' 1y = 1.

Thevariety of nite aperiodicmonoidsA is de ned by
theidentityx' = x'*1.

The variety of nite orderedmonoidsJ* is de ned by
theidentityx 1. Thevarietyof nite monoids]isde ned
by thetwo identitiesx' = x' *1 and(xy)' = (yx)'.

3. Expressve power of ;[< + MOD]

We rst give a simple combinatorialdescriptionof the
languagesle nablein  ;[< + moOD].

Let us call modular simple a languageof the form
(A% a;(A9) ax(AY) ac(AY) ,whered> 0,k 0

Proposition3.1 Alanguggeis de nablein 1[<+ moD] if
andonlyif it isa nite unionof modularsimplelanguages.

Proof. The language(A9) ai(AY) ay(AY) ax(A9)
canbede ned by the ;-formula
OXp il Xk (X < i< X)) M (arxa M M akXk)

A (MODJ X1~ MODY x2»  ~MoDY ; XA MoD | m)
This shaowvs that ary nite union of modular simple lan-
guagesis de nablein ;[< + MoD]. To prove the re-
sultin the oppositedirection,considera j-formula =
Oxy i Xk ' (Xp:iiiiXk). We may assumethat’ is
in disjunctve normal form. Negationsof atomic formu-
las can be eliminatedby replacing: (x = y) by (x <
Y)_(y < x),:(x < y)by(x =y)_(y < x),
. (MoDYx) by _sgrMODY x and: (ax) by_ps a(bx). Fur-
ther, by the Chineseremaindertheoregy,conjunctionsof
atomicformulasof theformmop® m~ *, ,  mMoD% x;
can be repla\c;edby disjunctionsof formulas of the form
mobd m~ , ,  mobd xi, whered = lcm(d;). Al-
together is equivalentto a disjunctionof formulas of
theform 9xy ::: 9xk (X1 < @10 < xi) ™ (agxg ® A
acxi)" (Mobf x1*  Amop? x, " Mobf m) de ning the
language (A9) Asta;(AY) ASzay(AY) a(AY) AS
whereforl i Kk,s1+ s+ +s r; (modd)and
r« + s r (mod d). Finally, observingthat(A9) A" =
[(AY ([ aza@)] (AY) , it sufces to usethe distributivity
of concatenatiomver unionto concludethatthe language

L( ) isa nite unionof modularsimplelanguages.o

Theconcatenatiohierarchyof starfreelanguagesnen-
tionedin theintroductionis de ned by alternatingwo types
of operations:the Booleanoperationsandthe polynomial
closure thatwe now de ne. Givena classof languages. ,
we denoteby Pol(L) thepolynomialclosuie of L, whichis
the classof languageghat are nite unionsof languages
of the form Loa;L1a;

Booleanclosureof Pol(L).

It is shovnin [13] that 1[<] is equalto Pol(l ) where
| is thetrivial variety of languages.The next proposition
shavsthat ;[< + MoOD] is equalto Pol(M od).

Proposition 3.2 A language belongsto Pol(M od) if and
onlyif it isa nite unionof modularsimplelanguages.

Proof. First, Po(M od) clearly containsthe modularsim-
plelanguagesCorverselyary languagef Pol(M od)(A )
canbe written asa nite union of languagesf the form
L = LoayL1a2

language®f theform (A") AK, with0 k n;. Letd
betheleastcommonmultiple of then;. Settingr; = d=n;,
we obserethat(A") = [o k<, (A%) AN Applying
the distributivity of concatenatiorover union, we may as-
sumethatall L; areof theform (A%) AK. But(A9) AX can
bewrittenas[ 4,4, a, 24k (A% a(AY) @  a(AY) . It
follows that ary languageof Pol(M od)(A ) is a nite
unionof modularsimplelanguages. o

Ourdecidabilityresultfor 1[< + moD] reliesonanal-
gebraiccharacterizatioof the polynomialclosure[16, 17].
However, the formulationof this generalresultrequiresus
to introduceMal'cev productsof varietiesand we prefer
herea simplerformulation.

Proposition 3.3 A language belongsto Pol(M od) if and
only if its ordered syntacticstamp' satis esthe following
property: there existsa positiveinteger n sud that the or-
deredmonoid' ((A") ) satis estheidentityx 1.

Unfortunately Propositior8.3doesnot provide adecidabil-
ity criterionfor Po(M od). Thenext result x esthis prob-
lem.

Theorem 3.4 Alanguage belonggo Pol(M od) if andonly
if the stableordered monoidof its ordered syntacticstamp
satis estheidentityx 1.

Proof. By Proposition 3.3, it sufces to show that if
" ((A") ) satis estheidentityx 1 for somen > 0, then
" ((A®) ) satis esthe sameidentity. But since' (A®) =



"(A™), " ((A%) ) = " ((A™) ). It followsthat' ((AS) )
is a submonoidof ' ((A") ) andthussatis esthe identity
x 1 0O

Theorem 3.4 gives a decidablecondition for testing
membershipin Pol(M od). But since we know that
Pol(M od) is a positive Im-variety of languagesit is inter-
estingto nd theidentitiesde ning the correspondingari-
ety of orderedstamps.

Theorem 3.5 Alanguagebelongso Pol(M od) if andonly
if its ordered syntactic stamp satis es the Im-identities
x' ly Zlandyx' ! 1

Proof. Let L bearegularlanguage, : A ! M itsor
deredsyntacticstamp S its stablemonoidands its stability
index.

FirstassuméhatL belonggo Pol(M od). Letx andy be
twowordsin A of equallengthandletu = x(s D' x' 1y,
Thelengthof u is amultiple of s andthus' (u) belongsto
S. By Theoren®3.4,S satis estheidentityx  1andhence
"(u) 1.But' (u)="'(x' ly)andthus' (x' ly) 1.
Thisprovesthat' satis esthelm-identitiesx' 1y 1. A
symmetricalargumentworksfor the seconddentity.

Corversely assumethat ' satis es the Im-identities
x' ly landyx' ' 1. Weclaimthatm 1 for
allm 2 S. Therelationis trivial if m = 1. If m 6 1, then
m2 "' (AS) = T. SinceT? = T, it followsfrom[14, Chap.
1, Proposition1.12] thatm = uev for someu;e;v 2 T
with e idempotent.Thusthereexist x; y; z 2 AS suchthat
"(y) = u,’ (X) = eand’ (z) = v. Sincejxj = jyj = jzj,
onehas' (yx' 1) 1and' (x' !z) L1 It followsthat
ue landev 1,whencem = uev= ueev 1. This
provestheclaimandshaws, by Theoren.4,thatL belongs
toPol(M od). O

Theresultsof this sectionshouldbe comparedwith the
characterizatiorof the class ;[< + REG] which canbe
derivedfrom thetwo paperd8, 21].

4. Expressve power of B ;[< + MOD]

In this sectionwe give several characterizationsf the
classB 1[< + mMoOD]. Let usstartwith animmediatecon-
sequencef Proposition3.1:

Proposition4.1 Alanguageisde nablein B {[< + MOD]
if andonlyif it is a Booleancombinatiornof modularsimple
languages.

Ourseconccharacterizatiors basecn propertieof the
wreathproduct. Thenon-specialisteadercanskipthetech-
nical de nitions givenbelow, admitTheorem4.2 andjump
directlyto Theoren#.3.

ThewreathproductN K of two monoidsN andK is
de nedonthesetNK K by thefollowing product:

(f1:k1)(f2; k2) = (f;kakz); with f (k) = f1(k)f2(kkq)

Thisde nition canbeextendedo varietiesof stampsasfol-
lows. Let V; W betwo Im-varietiesof stamps.A (V; W)-
productstampis astamp’ : A ! M suchthat:
(1) M isasubmonoidf awreathproductN K , where
N andK are nite monoids.

(2) Let : N K ! K bethe canonicalprojection
morphism.Thenthestamp " :A ! (M)isin
wW.

(8) Forain A,wecanwrite' (a) = (fa; ' (a)) where

faisin NK . Wenowtreatk A asa nite alphabet

andwede neastamp (K A) ! Im() N

by ( k;a) = f4(k). Werequire tobeinV.
WedeneV W to betheclassof all stampghatdivide a
(V; W)-productstamp.TheclassV W is calledthewreath
productof the Im-varietiesof stampsV andW. It canbe
shown [3] thatV W is anlm-variety of stampscontain-
ing W. Thewreathproductis an associatie operationon
Im-varietiesof stampswhich extendsthe classicalwreath
producton Eilenbeg's varieties.

The wreathproductprinciple [6, 3] givesa description
of languagesecognizedby a stampof V. W. It is based
onsimilarresultsfor varietiesof monoidg24, 18]. We only
give hereasimpli ed versionfor thecaseW = MOD.
Foreachn > 0,letB, = Z=nZ Aand ,:A ! B,
bethe sequentiafunctionde ned by setting:

n(ar &)= (O a)(1;a) (kL)
Theorem4.2 LetV beanIm-variety of stampsandlet U
be thelm-variety of languagesassociatedvithV MOD.
Thenfor every alphabetA, U(A ) is the smallestpositive
Booleanalgebra containingM od(A ) and the languages
oftheform ,1(V),wheen > 0andV isin V(B,).

Proof. The generalWreath ProductPrinciple on stamps
(WPP for short) [3] makes useof slightly more involved
sequentiafunctionsthat we shallintroducenow. Givena
stamp' : A ! M andanelementm in M, we de ne the
sequentiafunction , : A ! (M A) bysetting:

m(@  an) =

(mya)(m' (a1);@2) (M (&1 @ 1);@n)

A sequentiafunction is saidto be associatedwith ' if
= , forsomeminM . TheWPPstategshatU(A ) isthe

smallespositive BooleanalgebracontainingM od(A ) and

thelanguage®f theform  %(V), where is asequential

function associatedvith a stamp' : A | M in MOD

andVisinV (M A)



Notice rst that,if * : A I M isin MOD then
M is a nite cyclic group,and one canthus assumethat
M = Z=nZ for somepositive integern. We denotethis
group additively. Further since' is surjective, thereex-
ists a generatok of Z=nZ suchthat' (A) = fkg. Thus
is isomorphicto thestamp , : A | Z=nZ, de ned
by n(A) = flg. ThereforeU(A ) is thesmallestpositive
BooleanalgebracontainingM od(A ) andthelanguagesf
theform  1(V), where is a sequentiafunction associ-
atedwith somestamp ,, andV isin V(B,,).

Now, letV bealanguagen V(B,) andlet  : A !
B, be the sequentiafunction associatedvith ,, andan
elementk in Z=nZ. De ne the Im-morphismfy: B, !
B, byfk(x;a) = (x + k;a), andletvV°= f (V). Then
VOisin V(B,) and , *(V) = (V9. Therefore,it is
sufcient to considersequentiafunctionsof the form |,
which concludegheproof. o

We now arrive at our second characterizationof
B i[< + moD].

Theorem4.3 A language is a Boolean combination of
modularsimplelanguagesif andonly if its syntacticstamp
belonggo thelm-varietyJ MOD.

Proof. Let U be the Im-variety of languagesorrespond-
ingtoJ MOD. We rst shav thateachlanguageof U is
a Booleancombinationof modularsimple languages.By
Proposition3.2, it sufces to shav that U is containedin
BPo(M od).

Let A be an alphabet. According to Theorem4.2,
U(A ) is the smallestpositive Booleanalgebracontaining
M od(A ) andthe languagesf the form ,1(V), where
n > 0andV belongstoJ (B,). SinceM od s contained
in Pol(M od), it remainsto prove thatall language®f the
form (V) arein BPokM od). Furthersince ,! com-
muteswith Booleanoperationsye mayassumdyy Simon's
theorerr{22] thatV isequaltoB,xB, B, for some

""" by 2 Bp. Settingh = (r.,a.) we obsene that

nl(V) = (A") ATy (A") A%ay  (A") AT aA
withsi = ri (ri 1+ 1)modn,fori =2 p.SinceA
andall languagef the form (A") Al arein M od(A ),

1(V) belongsto PoM od(A )).

We now provethatany Booleancombinationof modular
simplelanguagessin U. A simplecomputatiorshowvs that
if

ax(A?)
, then

L = (A% ai(A%) ay(AY)
is amodularsimplelanguageof A
L= 4'(BgmBy bBy)\ (A?) AX

withh = (i 1;&)forl i k.SinceByjbB, hbBy
isin J (By), L belongsto U(A ). Finally, sinceU(A ) is

a Booleanalgebra,arny Booleancombinationof modular
simplelanguage®f A isin U(A ).

It follows from Proposition4.1 and Theorem4.3 that
decidingwhethera given regular languageis de nable in
B i[< + mMoD] amountsto shaving that the Im-variety
J MOD is decidable.The proof requiresusto introduce
derivedcategories[28]. In this paper categyoriesareviewed
asgeneralizationsf monoidssinceaone-objectataoryis
in factamonoid.

Let C; D betwo cateyories.A divisionof cateyories :
C ! D isgivenby amapping : Obj(C) ! Obj(D)
andfor eachpair (u; v) of objectsof C, by a relation
C(u;v) ! D( (u); (v)) suchthat

Q) x) W (xy) for any consecutiearronsx; y,

(2) (x) 6 ; forary arrow X,

@G 1w2 ),

4) (xX)\ (y) 6 ; impliesx = y for ary coterminal

arrovsx; y of C.

If V is variety of monoids,we denoteby gV the classof
all catgyoriesthatdivide amonoidin V (regardedasaone-
objectcategory). By transitvity of division of cateyories,
gV is alwaysclosedunderdivision.

Let' : A ! M beastamp.Foreachintegern,let , :
A ! Z=nZ bethestampde ned by n(u) = JUJ mod n
andlet' , betherelationalmorphism' , = 4

/\

Z=nZ

Let C, (" ) bethe category whoseobjectsare elements
of Z=nZ andwhosearrows from objecti to objectj arethe
triples(i; m;j) wherej i 2 ' ,(m). Itscompositiornrule
is givenby (i; mq;j)(j; m2;K) = (i; mimz; k).

The next resultis a specialinstanceof the derived cate-
gory theoremdueto Tilson [28], but two modi cations oc-
cur. First, Tilson's original de nition of the derived cate-
gorywasdifferentfrom ours,but this morecomplex de ni-
tion is not requiredfor relationalmorphismsontoa group.
SecondfTilson's proof needgo beadaptedo thecontext of
stamps Altogether we obtainthefollowing result:

Theorem4.4 Astamp' isinJ MOD if andonlyif there
existsa positiveinteger n sud thatC (* ) isin gJ.

We shallnow improve Theorem4.4 by giving anexplicit
boundon the integern. First, it wasshavn by Knastthat
a categgory belongsto gJ if andonly if, for eachof its sub-
graphsof theform givenin Figure2, onehas

(mlmz)! (m3m4)! = (mlmz)! m1m4(m3m4)! (1)



(i, mq;j)

(i; ms;j)

Figure 2. A Knastsubgraph.
We now stateour new characterization.

Theorem4.5 Let' bea stampof stabilityindex s. Then'
belongsoJ MOD if andonlyif Cs(' ) isin gJ.

Proof. First,if Cs(' ) isin gJ, then' belongsoJ MOD
by Theoren¥.4.

Now assumehat' : A ! M belongstoJ MOD.
Then, by Theorem4.4, there exists a positive integer n
suchthat C, (" ) isin gJ. We prove that Cs(' ) is in gJ
by shaving that it satis es Knast's equation. Considera
Knastsubgraptof Cs(* ), with thenotationin Figure2. Set

k=] i.Thereexistwordsus;uz;us;usin A suchthat
"(u)=m;forl i 4and
juij jusj juz  juj kmods:

SinceM is a nite monoid,thereexistsaninteger! such
that,for all x 2 M, x' is idempotent.Furtherwe canas-
sumethat! is greaterthans. Now setting

vi = (UzUz)' uz; V2 = uz(uiug)' !
V3 = (UsUg)' Uz; vz = Ug(ugug)' *

we still have jvij  jvsj j Vo R k mod s.

Further(" (v1);' (v2)) and(’ (v3);" (v4)) arepairsof mu-

tually inverseelementsof M. If k 6 O, thenfor eachi,
jvij sandonecan nd anintegerp; suchthat
(JVii: pis+k; p >0, fori=13
vij=ps k; pp>1 fori=24

By de nition of s, wehave' (AS) = ' (A?%) andhence

' (Apis+k) - (Anpis+k); fori
L(APS Ky = (AmPis K)o |

1;3
24

Thus, there exist words X1;X2;X3;X4 In A such that
"(vi)="(xj)forl i 4dand

(

jXij = npis+ k; fori
iXij = npis k; fori

1,3
2;4

Thereforejx1j jX3j j X2 j X4 kmodn,and
Cn (' ) containghe subgrapltpicturedin Figure3.

(i; " (x1)3])

(i; " (x3);1)
Figure 3. A subgraptof C, (" ).

SinceCy (" ) isin gJ, it satis esKnast's equationthatis,
' (XaX2)' ' (XaXa)' = ' (Xax2)' ' (X1Xa)' (X3Xa)' ;

which nally vyields Equation(1). Therefore,Cs(' ) isin
gJ.

We now treatthecasewherek = 0. If u; = up = uz =
us = 1, Equation(1) holdstrivially. Else,if uy = uy = 1
butusu,s 6 1, wesetx; = X2 = 1 andsincejvsj;jvaj
s, we cantake x3; X4 asabove. Then,it is still true that
X1 jXsj ] X2 ] X4)  O0mod n andthatC, (' )
containgthe subgraplpicturedin Figure3, which givesthe
result. Theargumentis symmetricaif ug = us = 1. In all
remainingcasesthe wordsv; have lengthgreateror equal
to s andthe proof of the casek 6 O carriesover. O

Corollary 4.6 Givena regular language L, onecan effec-
tively decidewhetherl is de nablein B 1[< + mMOD].

Proof. It sufces to computethe syntacticstampof L and
its stability index s andcheckwhetherthe derived category
Cs(' ) satis esKnastsidentity (1). o

5. Summary

We proved the decidability of the two classes 1[< +

mobD] andB 1[< + moD]. In algebraicterms,our results
canbe summarizedsfollows:
< < + MOD < + REG
. |J° |J" MOD |J" LI MOD
B ,|J J MOD J LI MOD
FO | A A MOD A MOD

However, there are subtle differencesbetweenthesetwo
new results,aswell asimportantfeaturesthat distinguish



themfrom the older resultslisted in the fourth column of
thetable. Indeed givena stamp' , onecandecidewhether
' belongsto the varietiesof the fourth column by verify-
ing thattheir stable(orderedmonoidsatis escertaincondi-
tions. Thisis dueto thepropertieghatthevarieties)™ LI,
J LI andA satisfythe conditionV LI = V. It was
obsenedbothin [6] andin [12] thatfor varietiessatisfying
thiscondition,thedecidabilityof V andvV MOD areequi-
alent. The variety of orderedmonoidsJ* doesnot satisfy
this condition,but it is alocal varietyin the senseof Tilson
[28]: this still sufces to getthedecidabilityof J*  MOD.
ThehardestaseisJ MOD: thevarietyJ is known to be
nonlocalandKnastidentitiesarerequiredto getthe decid-
ability.

It would beinterestingo obtaina purelymodeltheoretic
proof of our results.
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