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Abstract

We study exponential sums of the formS = 2−n
∑

x∈{0,1}n em(h(x))eq(p(x)), wherem,q ∈ Z+ are relatively prime,p is a
polynomial with coefficients inZq , andh(x) = a(x1 + · · · + xn) for some 1� a < m. We prove an upper bound of the for
2−Ω(n) on |S|. This generalizes a result of J. Bourgain, who establishes this bound in the case whereq is odd. This bound ha
consequences in Boolean circuit complexity.To cite this article: F. Green et al., C. R. Acad. Sci. Paris, Ser. I 341 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Bornes sur une somme exponentielle liée à la complexité des circuits booléens. On étudie les sommes exponentielles
la formeS = 2−n

∑
x∈{0,1}n em(h(x))eq(p(x)), oùm,q sont des entiers premiers entre eux,p est un polynôme à coefficien

dansZq eth(x) = a(x1+· · ·+xn), avec 1� a < m. On démontre que|S| < 2−Ω(n). Ceci généralise un résultat de J. Bourga
qui établit cette borne dans le cas oùq est impair. Ce théorème a des conséquences dans l’étude de la complexité des
booléens.Pour citer cet article : F. Green et al., C. R. Acad. Sci. Paris, Ser. I 341 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Soientm,a,q ∈ Z+ avec 1� a < m et soitp(x) = p(x1, . . . , xn) un polynôme de degréd surZq . Nous étudions
la somme exponentielleS (voir l’Éq. (1)). Bourgain, dans [2], énonce le théorème suivant :

Théorème 0.1. Soit(m,q) = 1. Il existe0< µd < 1 (dépendant dem, q, etd) tel que

|S| < µn
d

E-mail addresses:fgreen@black.clarku.edu (F. Green), aroy@cs.bc.edu (A. Roy), straubin@cs.bc.edu (H. Straubing).
1631-073X/$ – see front matter 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2005.07.011
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pour toutn > 0. De plus, pour tout0< ε < 1, il existec > 0 (dépendant deq) tel que

(µc logn)
n < 2−nε

pour toutn suffisamment grand.

Cependant, la preuve de ce théorème dans [2] utilise une transformation deS en une somme exponentielle s
{−1,1}n, par le moyen de la substitutionxi �→ 1

2(1−yi), ce qui ne donne le résultat que dans le cas oùq est impair.
Ici nous modifions le raisonnement de [2] afin d’éviter cette substitution. Nous obtenons ainsi une démon
valable pour tous les entiersm,q avec(m,q) = 1.

Le problème de borner la sommeS a son origine en l’informatique théorique : Une borne supérieure de la f
2−nε

, comme celle énoncée dans le Théorème 0.1, entraîne une borne supérieure 2nε
pour la taille minimum d’un

circuit booléen, ayant une forme particulière, qui détermine si le nombre de 1 dans une suite binaire de l
n est divisible parm. Les conséquences du Théorème 0.1 pour la complexité des circuits booléens, rem
brièvement dans [2], sont exposées en détail par Alon et Beigel [1] et par Green [4].

1. Statement of the main result

Let p(x) = p(x1, . . . , xn) be a polynomial of degreed with coefficients inZq . Let m,q > 1 and 1� a < m. We
consider the exponential sum

S = 2−n
∑

x∈{0,1}n

{
em

(
a

n∑
i=1

xi

)
eq

(
p(x)

)}
, (1)

whereer(x) denotes exp(2πix/r). We will show:

Theorem 1.1. Let gcd(m,q) = 1. There exists0< µd < 1 (depending onm,q andd) such that

|S| < µn
d

for all n > 0. Moreover, for all0< ε < 1, there existsc > 0 (depending onq) such that

(µc logn)
n < 2−nε

for all sufficiently largen.

In other words,|S| is exponentially small inn for each fixedd , and almost exponentially small even ifd is
allowed to grow as fast asc logn.

Theorem 1.1 was stated by Bourgain in [2]. However, the proof given there replacesS by an exponential sum
over{−1,1}n via the change of variablesxi �→ 1

2(1−yi), which requiresq to be odd. In the present note we mod
the argument of [2] so as to avoid this change of variables, and thereby obtain a proof valid for all relativel
pairs(m,q).

The problem of finding such exponentially small bounds onS originates in Computer Science, in the area
circuit complexity. The bounds proved here imply that circuits consisting of a majority gate at the outpu
q gates at the intermediate level, and AND gates of fan-inc logn at the inputs, must have size 2nε

in order to
determine if the number of 1’s in ann-bit input is divisible bym. Consequences of Theorem 1.1 for Boole
circuits are touched on briefly in [2], and discussed at length in Alon and Beigel [1] and in Green [4].
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2. Proof of Theorem 1.1

The proof is by induction on the degreed of p. If d = 1, thenp(x) = c0 + c1x1 + · · · + cnxn, so

S = 2−neq(c0)

n∏
i=1

(
1∑

xi=0

em(axi)eq(cixi)

)
= eq(c0)

n∏
i=1

1

2

[
eqm(aq + cim) + 1

]
.

Since gcd(m,q) = 1, and 1� a < m, we haveeqm(aq + cim) �= 1 and thus|S| < (µ1)
n, whereµ1 = 1

2|1 +
eqm(1)| < 1.

Suppose now thatd > 1. We have

Sq = 2−nq
∑

x1,...,xq∈{0,1}n

{
em

(
a

∑
1�j�q
1�i�n

x
j
i

)
eq

(
q∑

j=1

p(xj )

)}
.

Forx,u ∈ {0,1}n, we denote byx⊕u the componentwise mod 2 sum of the bit vectorsx andu. The mapx �→ x⊕u

is a permutation of{0,1}n, so by averaging over allu ∈ {0,1}n we obtain

Sq = 2−nq−n
∑

x1,...,xq∈{0,1}n

∑
u∈{0,1}n

{
em

(
a

∑
1�j�q
1�i�n

(xj ⊕ u)i

)
eq

(
q∑

j=1

p(xj ⊕ u)

)}
.

To eachq-tuple (x1, . . . , xq) of n-dimensional bit vectors we assign the setI = I (x1, . . . , xq) of indices
i ∈ {1, . . . , n} for which x1

i = · · · = x
q
i = 0. We view a vectoru ∈ {0,1}n as being composed of its projectio

v ∈ {0,1}Ī andw ∈ {0,1}I , and accordingly rewrite the preceding equation as

Sq = 2−nq−n
∑

x1,...,xq∈{0,1}n

∑
v∈{0,1}Ī

∑
w∈{0,1}I

{
em

(
a

∑
1�j�q
1�i�n

(xj ⊕ u)i

)
eq

(
q∑

j=1

p(xj ⊕ u)

)}
.

Let us analyze the two factors appearing within the summation over{0,1}I . Each expression of the form(xj ⊕ u)i
occurring within these factors has the valuewi if i ∈ I , and is just some constant bit value (depending on thxj

andv, but independent ofw) if i /∈ I . Thus

em

(
a

∑
1�j�q
1�i�n

(xj ⊕ u)i

)
= α · em

(
aq

∑
i∈I

wi

)
,

for someα ∈ C of norm 1 not depending onw. Further, whenp(xj ⊕ u) is considered as a polynomial in thewi ,
all terms of degreed that arise are independent ofj . Thus all these terms cancel when the sum

∑q

j=1 p(xj ⊕ u) is
reduced moduloq. As a result we have

Sq = 2−nq−n
∑

x1,...,xq∈{0,1}n

∑
v∈{0,1}Ī

α
∑

w∈{0,1}I

{
em

(
aq

∑
i∈I

wi

)
eq

(
p′(w)

)}
,

wherep′ is a polynomial of degreed − 1 in |I | variables that depends on thexj andv. Since gcd(m,q) = 1, aq

is not divisible bym, and so the inner summation over{0,1}I is an exponential sum of the form (1). We can th
apply the inductive hypothesis to obtain

|S|q � 2−nq−n
∑

x1,...,xq∈{0,1}n

∑
Ī

2|I |µ|I |
d−1 = 2−nq

∑
x1,...,xq∈{0,1}n

µ
|I |
d−1,
v∈{0,1}
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for some 0< µd−1 < 1.
Let r � 0. The number ofq-tuples(x1, . . . , xq) for which |I | = r is seen by a simple counting argument to(

n
r

)
(2q − 1)n−r . We thus have

|S|q � 2−nq

n∑
r=0

(n

r

)
(2q − 1)n−rµr

d−1 = 2−nq(2q − 1+ µd−1)
n,

so that

|S| �
{(

1+ µd−1 − 1

2q

)1/q}n

.

The first claim in Theorem 1.1 now follows by setting

µd =
(

1+ µd−1 − 1

2q

)1/q

.

To prove the second claim in the theorem, we note that(1 − γ )1/q < 1 − γ /q for all γ between 0 and 1, an
thus

µd < 1− 1− µd−1

q2q
,

so that

1− µd >
1− µ1

(q2q)d
= β

(q2q)d
,

where 0< β < 1 depends only onm andq. Thus

|S| � (µd)n <

(
1− β

(q2q)d

)n

.

Let 0< δ < 1 and letd = δ logn, where the logarithm is taken to baseq2q . Then the right-hand side of the la
inequality is((1 − β/nδ)n

δ
)n

1−δ
, which is approximately exp(−βn1−δ), and in any case smaller than 2−βn1−δ

for
sufficiently largen. The second claim in Theorem 1.1 follows upon choosingδ < 1− ε.

An open question of considerable interest in computational complexity is whether the degree bound
second part of Theorem 1.1 can be extended to degrees up to logk n wherek > 1. (See the discussion in Green [4
We also pose the related question of the optimal value forµd for fixed m,d,q. This is known only in the cas
wherem = d = 2 andq = 3 [4]. Dueñez, et al. [3] investigate conjectured optimum values form = d = 2 and all
oddq, and prove these are optimal in some special cases.
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