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Abstract

We study exponential sums of the foSn=2"" er{o,l}n em(h(x))eq(p(x)), wherem, q € Z1 are relatively primep is a
polynomial with coefficients itZ;, andh(x) = a(xq + - -- + x,) for some 1< a < m. We prove an upper bound of the form
2—%() on|S|. This generalizes a result of J. Bourgain, who establishes this bound in the casepigedsl. This bound has
consequences in Boolean circuit complexity.cite thisarticle: F. Green et al., C. R. Acad. Sci. Paris, Ser. | 341 (2005).
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Résumé

Bornes sur une somme exponentielle liée a la complexité des cir cuits booléens. On étudie les sommes exponentielles de
laformeS=2"" er{o’l}n em (h(x))eq(p(x)), olm, g sont des entiers premiers entre epxest un polynéme a coefficients
dansZ,; eth(x) = a(xy+---+xp), avec 1< a < m. On démontre qugs| < 2~ Ceci généralise un résultat de J. Bourgain,
qui établit cette borne dans le cas p@st impair. Ce théoréme a des conséquences dans I'étude de la complexité des circuits

booléensPour citer cet article: F. Green et al., C. R. Acad. Sci. Paris, Ser. | 341 (2005).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

Soientm, a,q € Z* avec 1< a < m et soitp(x) = p(x1, ..., x,) un polynéme de degrésurZ,,. Nous étudions
la somme exponentiell& (voir I'Eqg. (1)). Bourgain, dans [2], énonce le théoréme suivant :

Théoréeme0.1. Soit(m, g) = 1. ll existe0 < uys < 1 (dépendant dez, ¢, etd) tel que
S| < my

E-mail addressesgreen@black.clarku.edu (F. Green), aroy@cs.bc.edu (A. Roy), straubin@cs.bc.edu (H. Straubing).

1631-073X/$ — see front mattdrl 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2005.07.011



280 F. Green etal./C. R. Acad. Sci. Paris, Ser. | 341 (2005) 279-282

pour toutn > 0. De plus, pour toud < € < 1, il existec > 0 (dépendant deg) tel que

(e Iogn)n <2

pour toutn suffisamment grand.

Cependant, la preuve de ce théoreme dans [2] utilise une transformatfoardene somme exponentielle sur
{—1, 1}", par le moyen de la substitution — %(1— vi), ce qui ne donne le résultat que dans le cag est impair.
Ici nous madifions le raisonnement de [2] afin d’éviter cette substitution. Nous obtenons ainsi une démonstration
valable pour tous les entiews, ¢ avec(m, g) = 1.

Le probléme de borner la sommie son origine en I'informatique théorique : Une borne supérieure de la forme
27", comme celle énoncée dans le Théoréme 0.1, entraine une borne supéfiger 2a taille minimum d’un
circuit booléen, ayant une forme particuliére, qui détermine si le nombre de 1 dans une suite binaire de longueur
n est divisible pamn. Les conséquences du Théoreme 0.1 pour la complexité des circuits booléens, remarquées
brievement dans [2], sont exposées en détail par Alon et Beigel [1] et par Green [4].

1. Statement of the main result

Let p(x) = p(x1, ..., x,) be a polynomial of degre¢ with coefficients inZ,. Letm, ¢ > 1 and 1< a < m. We
consider the exponential sum

s=2" 3" {em <a2n:x,~>eq(p(x))}, )

xe{0,1 i=1

wheree, (x) denotes ex@rwix/r). We will show:

Theorem 1.1. Letgcd(m, g) = 1. There exist® < uys < 1 (depending omz, g andd) such that
N
for all n > 0. Moreover, for all0 < € < 1, there existg > 0 (depending org) such that

(e |Ogn)n < 27”6

for all sufficiently largen.

In other words,|S| is exponentially small im for each fixedd, and almost exponentially small evendifis
allowed to grow as fast adogn.

Theorem 1.1 was stated by Bourgain in [2]. However, the proof given there reddmnean exponential sum
over{—1, 1} via the change of variablas %(1— vi), which requireg to be odd. In the present note we modify
the argument of [2] so as to avoid this change of variables, and thereby obtain a proof valid for all relatively prime
pairs(m, q).

The problem of finding such exponentially small boundsSoariginates in Computer Science, in the area of
circuit complexity. The bounds proved here imply that circuits consisting of a majority gate at the output, mod
g gates at the intermediate level, and AND gates of fanldgn at the inputs, must have siz& 2in order to
determine if the number of 1's in am-bit input is divisible bym. Consequences of Theorem 1.1 for Boolean
circuits are touched on briefly in [2], and discussed at length in Alon and Beigel [1] and in Green [4].
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2. Proof of Theorem 1.1

The proof is by induction on the degréeof p. If d =1, thenp(x) = co + c1x1+ - - + cp Xy, SO

n 1 n
1
S=2"e4(co) ]_[< Z en(axi)eg (Cixi)) =¢,4(co) 1_[ é[eqm(aq + cim) +1].

i=1\x;=0 i=1
Since gcdm, ¢) =1, and 1< a < m, we havee,,, (ag + ¢;m) # 1 and thus|S| < (11)", wherep; = %|1 +

eqm (D] < 1.
Suppose now that > 1. We have

e 3 Lo 2 ()
x1,..,x9€(0,1)n 1Sjsq

<ikn

Forx,u € {0, 1}"*, we denote by &« the componentwise mod 2 sum of the bit vectoendu. The mapc — x®u
is a permutation of0, 1}, so by averaging over all € {0, 1} we obtain

St =27 Z 3 {em<a > (xfeau),)eq<2p(xfeau>)}

x1,...,x7€{0,1)n ue{0,1}" 1<j<q
1<i<n
To eachg-tuple (xl,...,x‘f) of n- dimensional bit vectors we assign the det I(x1,...,x%) of indices
i €{1,...,n} for which xl.l = x = 0. We view a vectou € {0, 1}" as being composed of its projections

ve{0, 1} andw € {0, 1}/, and accordlngly rewrite the preceding equation as

q
S =2""4—n Z Z Z : (a Z (xj@u)i>eq<2p(xj@u))}.
x1,.,x1€{0,1)" ye(0,1)] we(0,1} 1Sjsq j=1
1<i<n
Let us analyze the two factors appearing within the summation{@vé}’ . Each expression of the form/ @ u);
occurring within these factors has the valugif i € I, and is just some constant bit value (depending onxthe
andv, butindependent ab) if i ¢ 1. Thus

(o T won) o)

1<j<q iel
1<isn

for somea e C of norm 1 not depending om. Further, wherp(x/ @ u) is considered as a polynomial in the,
all terms of degred that arise are independent pfThus all these terms cancel when the SE% 1 p(x/ @u)is
reduced modulg. As a result we have

§t=27m Z Z Z {em (anwl')eq(p/(w))},
xl . x4e{0,1) ye(o,1)/  we{0.1} iel

wherep’ is a polynomial of degreg — 1 in || variables that depends on thé andv. Since gcdn, ¢) =1, aq
is not divisible bym, and so the inner summation ovig; 1}/ is an exponential sum of the form (1). We can thus
apply the inductive hypothesis to obtain

N D DD S L AP N 1/ AP

x1,. x7€{0,1)" yefo,1)7 x1.,x7€(0,1)"
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for some O< pg—1 < 1.
Let» > 0. The number of-tuples(x?, ..., x?) for which |I| = r is seen by a simple counting argument to be
(") (22 — 1)*". We thus have

S|4 <27y (’:) @ =" g g =27"12" = 14 pa-1)",
r=0

so that

1/gyn
Ha—1—1
|S|<{<1+T> } .

The first claim in Theorem 1.1 now follows by setting

1/q
_ ma—1—1
Md = (1+ 2—q> .

To prove the second claim in the theorem, we note that y)¥9 < 1 — y /4 for all y between 0 and 1, and
thus

g <1 TRt
q2¢
so that
L 1-m B
— Ud >

(q2)7 ~ (q20)d"
where O< 8 < 1 depends only om andg. Thus

n B\
1S < ()" < (1_@2—q>d) .

Let 0< 3 <1 and letd = §logn, where the logarithm is taken to bag2?. Then the right-hand side of the last
inequality is((1 — ﬂ/n‘s)"g)”lﬂs, which is approximately exp-grn1~?), and in any case smaller than2"™’ for
sufficiently largen. The second claim in Theorem 1.1 follows upon choosirgl — €.

An open question of considerable interest in computational complexity is whether the degree bound in the
second part of Theorem 1.1 can be extended to degrees ud towdwerek > 1. (See the discussion in Green [4].)
We also pose the related question of the optimal valueufpfor fixed m, d, ¢g. This is known only in the case
wherem = d = 2 andq = 3 [4]. Duefiez, et al. [3] investigate conjectured optimum valuesfet d = 2 and all
oddg, and prove these are optimal in some special cases.
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